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Modelling soil stratification under
triaxial loading using critical state soil
mechanics

N ] Vermeulen, D Meyer and T E B Vorster

This paper compares the performance of critical state constitu-
tive modelling with laboratory triaxial test data from a classic
series of tests on reconstituted Weald clay. Critical state mod-
els used for predicting the test results include the original Cam-
Clay model, Cam-Clay incorporating the planer Hvorslev surface
on the dry side of critical and the Modified Cam-Clay model. The
purpose of the comparison is to illustrate the dangers of using
constitutive relations and models in numerical analyses without
a proper understanding of their fundamental assumptions and
inherent limitations. It will be shown that Modified Cam-Clay
performs satisfactorily under the specific conditions of standard
triaxial compression testing and that it fits experimental stress
paths closer than the original Cam-Clay model. However, it is of
utmost importance to include the Hvorslev state boundary sur-
face on the dry side of critical for both these models if realistic
predictions are to be made for heavily overconsolidated soils.

INTRODUCTION

hroughout the past half century, a

great deal of research and development
has taken place on the behaviour of soils
and on constitutive modelling of soil
beha-viour. It can be stated that Critical
State Soil Mechanics (CSSM) was born at
the University of Cambridge in the 1950s
with K H Roscoe, A N Schofield and C P
Wroth. These men developed the first
constitutive soil models based on critical
state soil mechanics; they were the Granta
Gravel and the original Cam-Clay models
for idealised sand and clay behaviour.
Since then a number of modifications
and new models have seen the light
based on observed material behaviour.
These are used with great success in the
analysis of geotechnical problems. Critical
state models draw together concepts of
compression, shear, yield and failure into a
single unified frame-work. This unification
of behavioural concepts provides the foun-
dation for a proper understanding of soil
behaviour and the tools required for
numerical analysis of geotechnical
problems.

For the purposes of this paper the
following basic underlying assumptions apply:

* Only saturated clays are considered, a
two-phased medium consisting of water
and soil grains.

¢ Material strength is assumed to be purely
frictional, ie no cementation or apparent
cohesion, except as a result of pore water
suction.

¢ The material is considered to behave like
an ideal elasto-plastic continuum with
states of stress and strain assumed to be
uniform throughout the material except
in the case of discontinuous slippage
occurring under conditions of work soft-
ening and strain localisation.

The development of the critical state theories

have progressed to include the effects of par-
tial saturation, cementation, etc, but these
are conceptually and mathematically much
more complex and beyond the scope of this
discussion.

STRESS AND STRAIN
REPRESENTATION

States of stress and
strain

A set of six independent effective stresses
(0 Oy, 074 Txys Ty Tox) ACting on an ele-
ment of dimensions (dx, dy, dz) describes
completely the current state of stress at a sin-
gular point in a soil mass or sample. These
stress variables, however, are sensitive to the
choice of reference axes (x:y:z) and their val-
ues will be affected by changing the orienta-
tion of the reference axes, ie the viewpoint,
which makes them less than ideal for

the purposes of studying the behaviour

of soils.

By constructing Mohr’s circles to repre-
sent all possible combinations of normal
and shear stresses acting in any direction at
the point under consideration, three inde-
pendent principal effective stresses
o'y, 0’5, 0’3 are found, which together with
the orientations of these planes (principal
planes of stress) describe the state of stress at
the specified point. To this extent the current
state of stress and the stress path (or map of
the history of stress changes) can be
represented as a function of the principal
effective stresses or M’ = flo’; a'5, 0'3).

The value of M’ in terms of ¢’; 0"yand ¢'3
is now independent of the choice of
reference axes and together with the
orientations of the principal planes
describe the 3D stress state completely.
However, the orientations of the principal
planes, and hence the directions of ¢’y ¢,
and ¢’3, may change as a result of
loading, for example during one-
dimensional unloading.
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A more elegant way of describing M’ is by
means of invariants of stress which are
independent of both the choice of refer-
ence axes and of rotation of the principal
planes of stress. Another advantage of
using invariants is the ease of normalisa-
tion of stress paths onto reference planes
to facilitate interpretation. Without going
into the detailed mathematics of invari-
ants these will simply be stated in a form
appropriate to the study of soil mechan-
ics. For a general 3D stress state there are
three independent stress invariants; in
terms of ¢’y 0’; and o’3 they are

* Mean normal effective stress, a hydro-

static (equal all round) stress
pvzi(c'\"'c'zmvz) eh]

* Deviator stress, a shear stress

q'= 1
Np)
2|

+(o'y—0') ] @

* An orientation angle
a

[o'—c1) +6,-01,)?

The physi
parameters is illustrated by figure 1

where ON' = 3p'

The nhvsical inter
cal inter

N'M = 76
= 3 q

Note M State of total stress

corresponding to M’

MM = \/guseparates states
of total and effec-
tive stress

Similar arguments hold for describing the
state of 3D strain and strain paths in
terms of the strain invariants. Using the
principal strains, €, €, and €;, these are

* Volumetric strain - a change in
volume (compression/dilation)

d¢,, =8¢, = (8¢, +0¢, +0¢;) 3)

¢ Deviatoric shear strain — a change in
shape (distortion)

3¢, = g koe, —8e,)? + (8¢, —8z,)?

+ (B8, -8, ] " @)

* An orientation angle
a

For the special case of axial symmetric
loading, which applies during a standard
triaxial test with o', o’;and €, = €;, the
stress and strain invariants simplify to

* Mean normal effective stress
p'=1(c"+26")=1(c",+25",) (5
¢ Volumetric strain
de , = (0g, +28¢,) = (B¢, +20¢,) (6)
* Deviatoric shear stress
¢=@'\<)=0,<,) O
¢ Deviatoric shear strain
de, =% (0, —de,) =1 (3¢, —3¢,) (8)

¢ o = §, for both the stress and strain
invariants

G,,0'1 A

| B |
Me 041=06,=0C3

Space diagonal

1
G303

Figure 1 Representation of the physical interpretation of the stress invari-

ants p’, q" and
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® The stress ratio 1 = i'becomes
P

_ 3(0-'1'6'3)_ 3(6'(1_0'r)
- - o', +20',

c'\+2c', ©
where ¢’, = Axial effective stress act-

ing on a triaxial specimen

o', = Radial effective stress act-
ing on a triaxial specimen

8€, = Axial strain of a triaxial
specimen

O€, = Radial strain of a triaxial
specimen

The use of triaxial stresses and strains,
instead of principal stresses and strains,
allows for a differentiation between states
of compression (+4q') and extension (-q'),
often required during stress path testing.
Incidentally, the deviator stress, g', is
numerically equal to the applied ram
stress.

Plotting load paths
for triaxial compres-
sion and shear
It is common practice in critical state
modelling to follow the progression of
the change of stress and strain by plotting
the stress invariants p’ and q’ together
with the strain invariant, v, the specific
volume. Specific volume is numerically
equal to 1 + e (void ratio) and relates to
volumetric strain in the following manner:
v=Il+e (10}
_—dv _—de -8V &V,
Y l+e V vV

where V is the total volume of the
specimen

de (11)

8V, is the volume of water
expelled (+) in an increment of
volumetric strain.

Conventionally the results of drained and
undrained triaxial shear tests are repre-
sented using the deviator stress vs axial
strain and either the volumetric strain
(drained) or pore pressure (undrained) vs
axial strain plots. Both the critical state
and conventional representations will be
given in this paper.

CRITICAL STATE
SOIL MECHANICS

The constitutive modeller is faced with
the basic problem of complexity vs practi-
cality with regard to the following:

e Complexity: A model should be flexi-
ble enough to account for all or most
of the following: saturated, partially
saturated and dry conditions; isotropic
and anisotropic soil properties and
behaviour; and recoverable as well as
permanent deformations (elastic and
plastic responses).

* Practicality: In order to keep a model



simple and practical only the physical
factors relevant to the particular prob-
lem at hand should be incorporated.
Such a set of constraints, appropriate for
the study of triaxial test data, may
include saturated clay behaviour under
normally consolidated or lightly over-
consolidated states subject to axial sym-
metric loading.

The development of a constitutive model
for soils should furthermore be based on
physical observations of actual material
behaviour under both laboratory and
field loading conditions. The benefits of
such a constitutive relationship that satis-
fies these requirements are as follows:

¢ It provides a basis for the interpreta-
tion and organisation of drained and
undrained laboratory test data for vari-
ous states of stress and deformation.

¢ It provides the means (in conjunction
with appropriate computer codes) to
perform effective and/or total stress
analysis for a wide variety of earth
structure problems for either transient-
or static-type loading conditions.

Basic assumptions
relevant to constitu-
tive modelling

In general assumptions are needed on
five aspects of the elasto-plastic response
of a continuum. For soils these are:

* Elastic properties: A description of the
way in which elastic or recoverable
deformations are to be described, for
example linear isotropic, non-linear
isotropic and non-linear anisotropic.
Elastic deformations result from purely
elastic behaviour prior to yield and
from elastic strains, which occur
simultaneously with plastic strains,
during yield.

¢ Yield surface: The yield surface, also
known as the state boundary surface
(SBS), constitutes a boundary in gener-
al stress space between purely elastic
and elasto-plastic behaviour.
Intersections of elastic stress paths
with the yield surface are known as

yield curves and constitute purely elas-

tic behaviour on the SBS. Plastic

behaviour goes hand in hand with a

change in the size of the yield curve.

¢ Flow rule: The flow rule describes the
mode of plastic deformation that
occurs when a soil is yielding, ie the
relative magnitudes of the volumetric
and shear components of plastic defor-
mation. The flow rule is usually
described by the plastic potential,
which constitutes a surface normal to
the plastic strain increment vector.

Some common flow rules include:

— The plastic potential and yield sur-

face are of the same shape.

- The plastic potential and yield sur-

face are associated — associated flow.

- The plastic potential and yield sur-

face coincide - normality condition.

- The plastic potential is governed by
frictional flow based on the dissipa-
tion of energy through friction.

* Hardening rule: The hardening rule
describes the absolute magnitude of
plastic deformation and is linked to
the changing size of the yield curve.
That is a description of the expan-
sion/contraction of the yield curve
with the changing stress state during
vield
yield,

e Failure criterion: There are many inter-
pretations as to what constitutes fail-
ure during loading of a soil mass or
specimen. In terms of the critical state
framework, a critical state or ultimate

failure occurs when plastic shear dis-

tortion continues indefinitely without

changes in volume or effective stress,

or indeed of the strength of the mate-

rial - a condition of perfect plasticity or:
q 9 q

However, premature ‘failure’ can
occur in heavily overconsolidated
soils under drained loading. When

i od the daviator
these soils are sheared, the deviator

stress reaches a characteristic peak
strength, well before the ultimate
state. Significantly, material behav-
iour changes from work hardening to
work softening following peak
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Figure 2 (a) The original Cam-Clay state boundary surface and (b) a typical

yield curve and elastic wall)
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Figure 3 (a) The Schofield state boundary surface and
{b) a typical yield curve and elastic wall

strength. Work hardening implies
that once an element, or part of the
soil, has strained it becomes stronger
than the rest. This element will not
be subject to further straining until
all other elements have strained and
hardened. The result is that strains
are uniformly distributed throughout
the soil. Conversely, work softening
implies that elements become weaker
with strain, leading to a concentra-
tion of subsequent strain in the
weakened zones, and thus premature
failure. Strain concentration or
localisation typically develops on spe-
cific planes (slip surfaces) in a soil
that are associated with the orienta-
tion of the critical stresses. As it is vir-
tually im-possible to measure
localised strains on these slip surfaces,
post peak triaxial strain data become
unreliable. 2-4.

loading.

Some definitions of
critical state concepts
The following list of definitions is intend-

ed to clarify the terms used to describe
critical state models which follow:
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Figure 4 (a) The Modified Cam-Clay state boundary sur-

* Stress plane: Planer surface described
by the stress invariant axes, p’ and
q'. Used as a convenient projection
plane for illustrating the
stress/strength behaviour of a soil sub-
ject to loading.

* Compression plane: Planer surface
described by the volumetric and mean
normal effective stress invariants, v
and p'. Used as a convenient projec- q'=0 (13)
tion plane for illustrating the compres-
sion behaviour of a soil subject to

» State boundary surface (SBS): A 3D
surface in invariant space (gq":p"v) that
constitutes the boundary between
purely elastic behaviour and
elasto-plastic yield, including all
possible states of ultimate failure.
The SBSs for the three models used in
this publication are shown in figures

® Normal consolidation line (NCL):
A line describing all possible states
of normal consolidation, where
normally consolidated refers to those
states under zero deviator stress where
the specimen has never been subjected
to a higher mean normal effective

face and (b) a typical yield curve and elastic wall)

stress in its stress history. The NCL
forms part of the state boundary
surface where it intersects with the
compression plane and constitutes a
state of yield. The line is shown in
figures 2-4 and is mathematically re-
presented by the equations of its projec-
tions onto the stress and compression
planes as

in the stress plane
v=N-X:lnp' (14)

in the compression plane with N and A
being soil constants

Equation 14 represents the
isotropic stiffness of the material
under virgin loading as a straight line
in vlnp” with A the slope and N the
intercept at p’ = 1 kPa.

* Overconsolidation: Overconsolidation
describes the state of a soil which, in
its stress history, has been subjected to
a maximum mean normal effective
stress, p’jnqy greater than its current
state. In other words, a normally con-
solidated soil has never experienced a
mean normal effective stress greater
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than its current state, whereas an over-
consolidated soil has been subjected to
a greater mean normal effective stress
in its stress history. Furthermore, a
soil is described as b\.nus ushtly OVer-
consolidated or wet of critical if it
yields at a density lower than its criti-
cal density (density at ultimate fail-
ure). Wet of critical implies that a satu-
rated soil will compress and expel
water under diained triaxial loading
on the state boundary surface. On the
other hand a soil is heavily overcon-
solidated if it yields at a density higher
than its critical density, or dry of criti-
cal. Dry of critical implies that a satu-
rated soil will draw in water as it
dilates during drained triaxial loading
on the state boundary surface. For
practical purposes a heavily overcon-
solidated soil has an overconsolidation
ratio in excess of 3 for triaxial test
paths. The overconsolidation ratio can
be calculated as:

Pimax
R, == (15)
p
where Rp = overconsolidation ratio in
terms of p’

Swelling line (SL): A line describing all
possible states of overconsolidation,
originating from the same pre-consoli
dation stress, p’,,,,. Mathematically
the SL becomes

7=0 (13)
in the stress plane
v=y, -k lnp' (16)

in the compression plane with k
being a soil constant

Equation 16 represents the isotropic
stiffness of the material under over-
consolidated states (unload/re-load).
The parameter, k, defines the slope in
v:lnp’ and v, locates the line at p’ =

1 kPa. Although there exists only one
unique NCL for each material, an
infinite number of SLs exist, each
associated with a unique pre-consoli-
dation stress, p’,,qy-

Critical state line (CSL): A line
describing all possible states of ultimate
tailure in invariant space (4":p":v). The
critical state line is similar to the
Mohr-Coulomb failure envelope and
represents the ultimate shear strength
of a soil at its current density or specific
volume. The CSL can be expressed as:

q':M-p' (17)

in the stress plane with M a soil con-
stant
v=T-A:lnp' (18)

in the compression plane with I and
A soil constants

M represents the frictional strength of
the material and is related to ¢’ by:
_ 6sin(")
3—sin(d')

or triaxial compression

(19)

Equation 18 describes the critical
densities (v) of the material at
various confinement stresses. I’
locates the straight line of slope A

at a confin ’
at a confinement of 1 kPa in winp”.

* Yield curve: Tt should be noted
that purely elastic behaviour beneath
the state boundary surface is confined
to what are known as elastic walls.
An elastic wall is a curved plane that

nraiocts £ th 1 [3 i
projects from the relevant swelling

line to the state boundary surface.
The yield curve is formed by the
intersection of an elastic wall with
the state boundary surface - see
figures 2-4.

One of the major advantages of critical
state soil mechanics is that the parame-
ters M, I', N, A and «k are all fundamental
soil constants, independent of the

stress path and stress history. For this
reason their values can be determined
for a specific soil through tests as simple
as the liquid limit and isotropic
compression tests. In contrast, traditional
soil parameters such as the Young’s
Modulus are dependent on the stress
level and need to be determined by spe-
cially designed tests that simulate not
only the current stress level, but also the
stress history as well as the intended
stress path.

For a more rigorous exposition of crit-
ical state concepts and theory, reference
can be made to Roscoe and Schofield
(1963), Atkinson and Bransby (1978) and
Muir-Wood (1990).

CRITICAL STATE
MODELS

Original Cam-Clay
model (Roscoe &
Schofield 1963;
Atkinson & Bransby
1978)

The original Cam-Clay model was devel-
oped for the prediction of strains during
an increment of elasto-plastic flow appli-
cable to normally and lightly overconsoli-
dated, saturated clays. The basic underly-
ing assumptions of this model can be
summarised as follows:

e Elastic recoverable behaviour is
assumed ideal isotropic and follows
a set of equations based on the
generalised form of Hooke's Law.
Isotropic elastic behaviour is de-
coupled in the sense that volumetric
elastic strains depend only on the
mean normal effective stress and shear
elasticstrains only on the deviator
stress, ie

e 1 A} L}
ey = Eﬁp +0-8q (20
1
de, =0-8p'+—0q' (21)
p 3G q

Poisson’s ratio is assumed constant
during elastic behaviour, which

implies a variable shear stiffness or
modulus, dependent on the current
state of p’ and v (Zytynski et al 1978).
Alternatively a constant shear modu-

lus, G’, may be assumed, which implies

that the Poisson’s ratio is dependent
on p” and not constant. Elastic behav-
iour is generally non-linear, except for
instances where the changes in p’ and
v are relatively smail, as is the case

during undrained behaviour on the

elastic wall. Although no elastic shear
strains were originally assumed to
occur in an increment of elasto-plas-
tic flow, elastic shear strains will be
caiculated according to Hooke's equa-

tions for the purposes of this paper.

¢ The yield surface separating states of
purely elastic behaviour from elasto-
plastic yield consists of an infinite
number of yield curves in the shape
of log-spirais for the original Cam-
Clay model.

¢ The flow rule is derived, considering
the work dissipated in frictional shear
after Taylor (1948), as

»
dgp 9 PPN

S =M= (22)
de] 14

where Epp = plastic volumetric strains
€’y = plastic shear strains

In addition the flow rule also obeys the
associated flow rule with the normality
condition, essentially pinning down the
shape of the yield curve and ultimate-
ly the complete state boundary surface.

* The hardening law follows from the
expansion of yield curves at constant
shape, the size being controlled by the
pre-consolidation stress, p’,,,, which
changes with plastic volumetric strain.
This expansion/contraction of the
yield curve (hardening/softening) is
linked with the normal compression
behaviour of the soil.

e Ultimate failure occurs at a critical
state defined by the critical state line
and satisfies the conditions of no
change in volume, effective stress and
strength with continued plastic shear
distortion.

The original Cam-Clay state boundary
surface produced by the above assump-
tions simplifies to

M-p'
=2 N-v-rn)] e

with N-I'=A-x (24)

where M, I' or N, A and k are all fun
damental soil constants to be derived
for each soil

These constants, together with either the
Poisson’s ratio in terms of effective stress-
es (V') or the shear modulus (G"), required
for elastic calculations, result in essential-
ly a five-parameter model. Figure 2 illus-
trates the Cam-Clay state boundary sur-
face in invariant space for compressive
deviator stresses.

Joernaal van die Suid-Afrikaanse Instituut van Siviele Ingenieurswese, 43(2) 2001



With regard to the conditions of
undrained (zero volume change) and
drained (3q' = 33p") loading in a triaxial
test, a set of expressions can be derived to
solve for the stress paths of each. In sum-
mary these expressions are

¢ Purely elastic behaviour, governed by

Hooke’s law, becomes:

sef| VK o Jop'
[&;J{ 0 1/36'}{&]} (25)

where Eep = elastic volumetric strains
£°q = elastic shear strains
v-p'
k=27 (26)
K

the bulk modulus/stiffness
G'= v-p'31-2vY)

K 2(1+v") 27

the shear modulus/stiffness

These equations will apply for all sub-
sequent models provided the behav-
iour is purely elastic or below the state
boundary surface. In fact, the equa-
tions are also valid tor the elastic
strains that occur during yield on the
state boundary surface.

For a small undrained increment of
elasto-plastic flow or yield in a stan-
dard triaxial compression path, elastic
strains are given by cquation 25 and
simultaneous plastic strains by

EZ] [_K/[J_Z/(E)Mpi/p )ﬂa |

(28)
The net volumetric and deviatoric
strains can then be calculated as the
sum of the elastic and plastic compo-
nents during yield.

e, p . .

&, =¢,+&, net volumetric strain (29)
o€ P . . .

£€,=¢,+¢, net deviatoric strain (30)

Although the net volume change has
to be zero during an undrained incre-
ment of yield, equal but opposite elas-
tic and plastic volumetric strains are
occurring at the same time.

For a small drained increment of flow
(elasto-plastic) during a standard triax-
ial compression path, elastic strains
are given by equation 25 and simulta-
neous plastic strains by

8el | (h-k)
de) M- P

M-q'/p") 1 3p'

{ 1 (M—Q'/P'TI]LS‘I} D
Schofield model
(Roscoe & Schofield
1963; Atkinson &
Bransby 1978)

The original Cam-Clay model was devel-
oped for normally consolidated and light-
ly overconsolidated soils. To model heavi-

ly overconsolidated soils the Cam-Clay
yield curve has been extended by
addition of the Hvorslev surface and a

tensile failure surface on the drv side of

LCISLC IQLUIC sUllalc O tC Gy SIGC O

critical. This extended form of the origi-
nal model is unofficially known as the
Schofield model. The original Cam-Clay
yield surface on the wet side of critical,
also known as the Roscoe surface, still
connects the normal consolidation line
to the critical state line. From the critical
state line the planer Hvorslev surface
extends to the tensile failure surface,
which represents a boundary on the dry
side of critical associated with the onset
of tensile stresses. A stress path touching
the tensile failure surface leads to imme-
diate failure by separation as there is no

cohesive strength by assumption. (See fig-

ure 3 for an illustration of the Schofield
model.)
In the Schofield model the Roscoe

surface uses exactly the same equations as

the original Cam-Clay model. The rele-

vant equations for the Hvorslev and ten-
sile failure surfaces follow from the same
principles and can be summarised as fol-

lows:
* The Hvorslev state boundary surface:

q'=a\4—h>-exp(r

where h, the slope of this surface in

the stress plane, constitutes an extra

soil constant

The Schofield model therefore
becomes a six parameter model.

¢ For a small increment of elasto-plastic
flow in a standard triaxial compression
test, elastic strains are given, as before,

by equation 25. Simultaneous plastic
volumetric strains reduce to

d¢

and plastic shear strains to
P
de, q'

def )

These equations, together with the rel-

evant load conditions, either un-
drained (3¢, = 0) or drained (3, =
38p"), allow for the calculation of test
paths to failure for triaxial compres-
sion tests.

* The tensile failure surface is given by

q'=3p' in the stress plane (34)
L =Up —A-Inp' 35)

in the compression plane

where vpp can be calculated from the

other soil constants

Modified Cam-Clay
model (Roscoe &
Burland 1968;
Muir-Wood 1990)

It was later discovered that the shape of
the original Cam-Clay yield curve, being
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_UJ+h-p' (32)

ro O ,HL/ 5{’ _h]—x}(%)
v p q/p' —h

=pM-L (22)

log-spiral, did not fit experimental data
satisfactorily. By changing the shape of
the yield curve to that of an ellipse, much

better results were found and led to the

DCICT TC5UL veIc iound ana :d g

development of the Modified Cam-Clay
model.

Assumptions remain essentially the
same as with the original model, with the
exception of the shape of the yield curve.
The flow rule, which does not satisty the
frictional work dissipation criterion any
longer, still holds the associated flow and
normality conditions.

The shape of the elliptic yield curve is
represented by the equation

pl 3 M2
Plow M40’
which leads to the equation for the
Modified Cam-Clay state boundary sur-
face (figure 4), or

(36)

q'= \/MZ -p'{EXP(M)—p}
A—x

with N-T'=( -k )In2 (38)
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damental soil constants

e For a small increment of elasto-plastic
flow on the state boundary surface,
elastic strains are given, as before, by
equation 25, but simultaneous plastic
volumetric strains by

e, | (k)
de? Cvop'MPnt)

{6\4 27_1n2) 4112/5/? —nz)}g:}

39

Equation 39, together with the load
condition, undrained (88P =0) or
drained (8y' = 35p"), allows for the pre-
diction of triaxial test paths.

The Modified Cam-Clay model does

not traditionally include the Hvorslev
surface on the dry side of critical.
However, for this paper the Hvorslev
surface was subsequently added to this
model for comparison with the Schofiled
model.

EXPERIMENTAL
DATA

The classic series of triaxial tests per-
formed on remoulded Weald Clay at
Imperial College in the 1950s by Bishop
and Henkel (1962) were selected as a ref-
erence set of experimental data.
Standard triaxial compression tests were
performed on normally consolidated and
heavily overconsolidated (Rp = 24) sam-
ples under both undrained and drained
load conditions. The results cover a
diverse range soil behaviour and provide
an excellent reference for comparison
with the critical state model predictions.
Figures 5 to 8 on pp 8 and 9 summarise
the original test results.
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Figure 8 Drained triaxial compression on a heavily overconsolidated sample

The two normally consolidated samples
were set up for triaxial shear testing by
using remoulded specimens of Weald
Clay and compressing them isotropically
to 207 kPa. The specimens ended up with
a saturated moisture content of 23%,
which relates to a void ratio of e = 0,632,
or specific volume of v = 1,632. The com-
pression stress of 207 kPa was enough to
ensure that an initially remoulded speci-
men would start the shear phase in a nor-
mally consolidated state. Two heavily
overconsolidated samples were produced
by initially compressing remoulded speci-
mens to 827 kPa and then allowing them
to swell under a reduced load of 34,5 kPa,
thus building in an overconsolidation
ratio of R, = 24. These specimens had a
moisture content of 22,7%, void ratio of
0,626 and specific volume of 1,626. Note
that there was very little difference

o <@
100
50
0
-50
-100
0 5 10 15 20 25

Axial Strain (%)

30

between the void ratios of the normally
and heavily overconsolidated specimens.
Therefore, both the normally consolidat-
ed and overconsolidated specimens had
more or less the same density, but differ-
ent stress histories. This difference in
stress history, as well as the mode of
shear, undrained or drained, lead to the
varied patterns of behaviour shown in fig-
ures S to 8.

During an undrained triaxial test the
drainage lead connected to the specimen
pore water is shut off, blocking any
movement of water to or from the speci-
men. Water and soil grains are assumed
incompressible for the range of engineer-
ing stresses usually applied and with the
use of de-aired water for testing purposes.
Therefore, a saturated specimen subject to
undrained shear cannot change volume
and is essentially a constant volume test.

This fact is itlustrated by the compression
stress paths (v vs p') in figures 5 and 7
and becomes a constraint when predict-
ing test results with the critical state mod-
els. The soil responds to the condition of
zero volume change by generating excess
pore pressures, ue, comprising the differ-
ence between the total and effective stress
paths. The total stress path g vs p is
restricted by the boundary conditions of
a triaxial cell to one in which 38q = 38p.

When a drained test is performed
water is free to drain to and from the
specimen voids. In fact, the strain rate of
these tests is controlled by a minimum
allowable excess pore pressure build-up.
With the boundary conditions applied in
a drained triaxial test, both the effective
stress path (g' vs p') and total stress path
(g vs p') are restricted to a slope of 1:3, as
shown in figures 6 and 8.
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Figure 9 Undrained triaxial compression on a normally consolidated sample
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MODEL
PREDICTIONS

The results from the previous section
were used in conjunction with the critical
state concepts to calculate a set of funda-
mental soil parameters through best fit
and back analysis procedures. These can
be compared with similar values for the
same and other clay soils from Schofield
and Wroth (1968) in table 1. The two dif-
ferent values calculated for I' in table 1
result from the specific assumptions of
firstly, the original Cam-Clay model and
secondly, the Modified Cam-Clay model.
Triaxial test paths were next generat-
ed using the critical state models and
assuming a constant Poisson’s ratio of
v’" = 0,3. The results are shown in figures 9
to 12. The compression planes show two
critical state lines — these correspond to the
different T'-values of the Cam-Clay and
Modified Cam-Clay models respectively.
The performance of the critical state
models in predicting soil behaviour,
under triaxial load conditions, can be
summarised as follows:

* Figure 9 — Normally Consolidated,
Undrained: All three models predict the
pore pressure response with axial
strain fairly accurately. It is clear, how-
ever, that the Modified Cam-Clay
model follows the experimental stress
path much closer in the stress plane.
The Modified Cam-Clay model also
gives a better representation of the
shear stiffness of the material (g’ vs €,)
at low strain, which should be more
appropriate to field loading condi-
tions. There is no difference between
the Cam-Clay and Schofield models as
yielding occurs entirely on the Roscoe
surface from a normally consolidated
state. The Modified Cam-Clay model
gives a more accurate ultimate
strength but the original Cam-Clay
estimate is conservative.

* Figure 10 — Normally Consolidated,
Drained: Again the entire load path is
along the Roscoe surface, which
excludes any benefits to be gained
from the Hvorslev state boundary sur-
face. For the drained test on a normal-
ly consolidated specimen all three
models give exactly the same strength
due to the boundary conditions, but
the Modified Cam-Clay model follows
the test path in the compression
planes much closer and gives a better
representation of the material stiffness
in g' vs €,. Volume change predictions
are essentially the same and fairly
accurate.

Figure 11 — Heavily Overconsolidated,
Undrained: The advantage of incorpo-
rating the Hvorslev state boundary
surface now becomes apparent as the
sample state moves dry of critical. The
original Cam-Clay and Modified Cam-
Clay models were never intended to
model heavily overconsolidated
behaviour without the inclusion of the
Hvorslev SBS. There are only minor
differences between the Schofield
model and Modified Cam-Clay with
the Hvorslev surface, both give fair
representations of stiffness, strength
and excess pore pressure values, with
the Schofield model being slightly
superior. Although the predicted stress
paths indicate a sharp change in direc-
tion at the yield point, the experimen-
tal data follow a more rounded and
natural path.

Figure 12 — Heavily Overconsolidated,
Drained: Models incorporating the
Hvorslev surface are again far superior
to the original Cam-Clay model. A sig-
nificant feature of these test paths is
the onset of strain softening following
peak deviator stress. Experimental data
becomes unreliable with the onset of
strain localisation and the formation
of planer discontinuities. For this rea-
son the experimental test path, on the

Table 1 Critical state parameters for common clay soils from the UK

Soil M A N T h
Weald clay 0,863 0,096 2,144 2,088 0,650
(this paper) 2,105

Weald clay 0,950 0,093 2,118 2,060

London clay 0,888 0,161 0,062 2,858 2,759

Kaolin 1,020 0,260 3,977 3,767

Cowden Till 1,100 0,077 1,915 1,885

compression plane, terminates well
before the critical state is reached.

CONCLUSIONS

With the advent of the personal comput-
er and the development of powerful
numerical techniques such as finite differ-
ence and finite element methods, a num-
ber of software packages have become
available to the engineer as analysis tools.
The danger, as is the case with ‘black-box’
type solutions, is that, irrespective of
input, an unqualified answer is always
given.

In this paper three basic critical state
constitutive models were used to predict
the results of four different triaxial com-
pression tests. It was shown that gross
miscalculations can result when a consti-
tutive model is applied without a proper
understanding of its fundamental
assumptions and limitations. An example
would be the use of the original Cam-
Clay model on heavily overconsolidated
soils without the inclusion of a Hvorslev
surface on the dry side of critical. On the
other hand, very good predictions result-
ed when models were being used within
their scope. Of the three models consid-
ered, Modified Cam-Clay with the
Hvorslev surface on the dry side of criti-
cal, performed consistently and predicted
the stress paths and failure conditions
with fair accuracy.
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